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Abstract 
Relying upon the solution of the relativistic equation of charged-particle motion that was obtained by Rukhadze et al., 
the spectral and angular characteristics of ultra-relativistic intensive radiation of a relativistic charged particle have been 
studied, the particle being linearly accelerated by a superpower laser pulse. The case where the particle propagates in vacuum 
without brake light was examined. The interaction of the charged particle with the large-amplitude ultra-short laser pulse was 
analyzed in details using the relativistic consideration. Formulae for the average radiated power of the relativistic charged 
particle, depending on the initial conditions, the electromagnetic-wave amplitude, intensity and polarization were obtained. For 
the case where the laser pulse can be represented by a monochromatic plane wave, analytical expressions for the radiation 
characteristics were put forward and the phase-angular distributions of relativistic radiated power and intensity were found. 
The Fourier transform of the electric-intensity radiation field of the charged particle and the particle’s spectral density radiation 
in the field of a plane monochromatic wave for different types of polarization (linear and circular ones) were determined. 
Copyright © 2016, St. Petersburg Polytechnic University. Production and hosting by Elsevier B.V. 
This is an open access article under the CC BY-NC-ND license ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
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The present work discusses the interaction between 
a charged particle and an ultrashort laser pulse with 
an intensity I = 10 7 TW ٠cm –2 in vacuum, without the 
bremsstrahlung taken into account. Based on the New- 
ton equation and applying the Lorentz force, a num- 
ber of studies [1–4] analyze the motion of a charged 
particle in the field of an ultrashort laser pulse. The ∗ Corresponding author. 
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under the CC BY-NC-ND license ( http://creativecommons.org/licenses/by-n
(Peer review under responsibility of St. Petersburg Polytechnic University)wavefront is considered to be plane, and in the first ap- 
proximation it corresponds to a plane monochromatic 
electromagnetic wave. 
Refs. [2–4] introduce calculations for the average 
energy and kinetic characteristics of a charged par- 
ticle for various polarizations. Ref. [1] demonstrated 
that the oscillation period of a particle differs from 
that of a plane wave field, and performed an averaging 
over the particle oscillation period. In this connection, 
it would be of interest to calculate the spectral and 
angular radiation characteristics and to average them 
over the oscillation period of a particle. The char- 
acteristics in question are the mean power, the total 
power and radiation intensity of a charged particle, the ction and hosting by Elsevier B.V. This is an open access article 
c-nd/4.0/ ). 
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 angular and the phase angular distributions of the ra-
diation intensity. The Fourier transform of the strength
of the electric field of the particle’s radiation should
be calculated for this purpose, with the magnitude of
its spectral density estimated for different polarizations
(the linear and the spectral). 
2. Problem setting 
Let us assume that the high-frequency Lorentz
force acts on a charged particle q with the mass m ;
then the equation for the particle motion takes the
form 
d p 
dt 
= q E + q 
c 
[ V × H ] , (1)
where p is the momentum of the particle; E and H
are the electric and the magnetic strengths of the laser
field; q is the charge of the particle. 
The Eq. (1) is complemented by the initial condi-
tions for the velocity and the position of the particle:
 ( 0 ) = V 0 , r ( 0 ) = r 0 . (2)
The relativistic factor γ is connected to the electro-
magnetic field intensity I by the following relation: 
γ = 
√ 
1 + I / I rel , 
where the relativistic intensity I rel ( in W · c m −2 ) is de-
termined by the expression [5] : 
I rel = m 2 c 3 ω 2 / 8 πq 2 = 1 . 37 · 10 18 λ−2 . (3)
Here λ ( μm) is the wavelength, and ω (s –1 ) is the
frequency of high-power ultrashort laser raditation (the
carrier wave frequency). 
Let us choose a system of coordinates so that the
laser pulse propagates along the z- axis. We are go-
ing regard its phase front as plane, and the surface of
the constant phase as perpendicular to the z- axis. In
this case the components of the electric ( E ) and the
magnetic ( H ) fields for a plane monochromatic elec-
tromagnetic wave are determined by the expressions
[6] : ⎧ ⎪ ⎨ 
⎪ ⎩ 
E x = H y = b x cos , 
E y = −H x = f b y sin , 
E z = H z = 0, 
(4)
where the x and the y axes coincide with the direction
of the semi-axes of the wave polarization ellipse b x
and b y , and 
b x ≥ b y ≥ 0;  = ωξ ; ξ = t − z/c;ω is the carrier wave frequency ; f = ±1 is the polar-
ization parameter: the upper sign for E y corresponds
to the right polarization, and the lower sign to the left
one [7,8] . 
2.1. Radiation intensity of the charged particle in the
field of a plane monochromatic electromagnetic wave 
By multiplying Eq. (1) vectorially by the vector H ,
we obtain the Umov–Poynting vector in the following
form: 
S = c 
4π
[ E × H ] = c 
4πq 
[ F × H ] − 1 
4π
[ [ V × H ] × H ] ,
(5)
where F = d p dt . 
The component-wise form of the vector ( 5 ) is 
S x (t ) = − c 4πq H y F z + 
1 
4π
H y 
(
V x H y − V y H x 
)
, (6)
S y (t ) = c 4πq H x F z + 
1 
4π
H x 
(
V y H x − V x H y 
)
, (7)
S z (t ) = c 4πq 
(
E x F x + E y F y 
)+ 1 
4π
V z 
(
H 2 x + H 2 y 
)
. (8)
The Lorentz force acting on the particle, has the
following component-wise form [1] : 
F x = q b x 
( 1 + g ) cos 
′ , (9)
F y = f q b y 
( 1 + g ) sin 
′ , (10)
F z = ωγ
( 1 + g ) 
(
q 
γ 2 ω 
(
χx b x cos ′ + f χy b y sin ′ 
)
+ q 
2 
2 γ 2 ω 2 
(
b 2 x − b 2 y 
)
sin 
(
2′ 
))
. (11)
Since it follows from the Expression ( 11 ) that
in the field of a plane monochromatic wave in the
initial moment of time t = 0 the transverse compo-
nent of the momentum p ‖ = const (i.e. without the
bremsstrahlung taken into account the particle does
not accelerate or decelerate), the Lawson–Woodward
theorem is fulfilled in this case. 
By substituting the Expressions ( 9 ) – ( 11 ) and the
velocity values from Ref. [1] into Eqs. ( 6 )–( 8 ), we
obtain the Umov–Poynting vector components in the
following form: 
S x = 0, 
S y = 0, 
S z (t ) = c 4π
(
b 2 x cos 2 ′ + b 2 y sin 2 ′ 
)
. (12)
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Fig. 1. The charged particle radiation intensities versus the intensi- 
ties of a plane monochromatic electromagnetic wave with circular 
( 1 ) and linear ( 2 ) polarization ( Eqs. (14) and ( 20 ), respectively). 
Fig. 2. Phase distribution of radiation intensity d I rad /d 0 ( 10 7 TW ·
c m −2 ) over the initial wave phase 0 . For the case of a circularly polarized electromag- 
netic wave b x = b y = b/ 
√ 
2 we obtain the vector mag- 
nitude in the form 
| S ( t ) | = 
√ 
S 2 x (t ) + S 2 y (t ) + S 2 z (t ) = I cir . (13) 
Let us estimate the radiation intensity of the particle 
in the field of a plane monochromatic electromagnetic 
wave averaged over the particle’s oscillation period 
[1] : 
I rad = 1 ˜ T 
t+ T ∫ 
t 
| S ( t ) | dt 
= ω 
2π( 1 + h ) 
( ˜ t ) ∫ 
(t ) 
| S ( t ) | 1 + g 
ω 
d′ = I cir . (14) 
As can be seen from the Expression ( 14 ), the ra- 
diation intensity for the particle in the field of the 
circularly polarized electromagnetic wave is equal to 
that of the circular polarization wave. 
For the case of linear polarization b x = b, b y = 0
we have: 
| S ( t ) | = 
√ 
S 2 x (t ) + S 2 y (t ) + S 2 z (t ) = I lin cos 2 ′ . (15) 
The radiation intensity in a linear polarization wave 
has the following form: 
I rad = I lin (2 + μ2 + μsin 2 0 )
(
1 + μ
2 
sin 2 0 + μ8 
)
, (16) 
where 
μ = 
(
qb 
mcω 
)2 
= 2 q 
2 
πm 2 c 5 
I lin λ2 = q 
2 
πm 2 c 5 
I cir λ2 
= I lin 
I rel 
= I cir 
2 I rel 
. (17) 
The minimum radiation intensity value corresponds 
to the 0 = 0 phase or πand is determined by the 
formula 
I rad = I lin 4 
(
8 + μ
4 + μ
)
. (18) 
The maximum radiation intensity value is obtained 
for the 0 = π2 phase or 3 π2 and takes the form 
I rad = I lin 4 
(
8 + 5 μ
4 + 3 μ
)
. (19) 
The average radiation intensity of the charged par- 
ticle (averaged over the initial phase 0 ) in the field 
of a plane monochromatic linearly polarized wave has 
the form 
I¯ rad = I lin 4 
( 
2 − μ√ 
3 μ2 + 16 μ + 16 
) 
. (20) Fig. 1 shows the dependence of the particle radi- 
ation intensity on the plane monochromatic electro- 
magnetic wave intensity for the cases of linear and 
circular polarization. As can be seen from Eqs. (18) –
( 20 ), for low intensity values at linear polarization I ≤
10 5 TW · c m −2 , the radiation intensity of the particle is 
approximately equal to that of a plane monochromatic 
electromagnetic wave ( I lin ≈ I rad ). 
When the relativistic value ( 3 ) is exceeded, i.e., 
when the intensity I lin of a linearly polarized elec- 
tromagnetic wave is equal to or higher than 1 . 37 ·
10 6 TW · c m −2 , we obtain a relativistic radiation in- 
tensity. Evidently, for the case of circular polarization 
its intensity is equal to that of the charged particle 
radiation ( I rad = I cir ). 
By differentiating the Expression ( 16 ) with respect 
to 0 , we obtain a phase distribution of radiation 
intensity: 
d I rad 
d 0 
= I lin μ
2 sin 0 cos 0 (
2μsin 2 0 + μ + 4 
)2 . (21) 
Fig. 2 shows an image of the phase distribution 
of radiation intensity d I rad /d 0 for the value I lin = 
10 7 TW · c m −2 on a phase plane. 
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Fig. 3. Phase angular distribution of the radiation intensity of the 
charged particle d 2 I rad /d 0 d	( 10 7 TW · c m −2 ) with respect to the 
initial wave phase 0 . 
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 As can be seen from Eq. (21) and Fig. 2 , for
an infinite increase in intensity ( I lin → ∞ ) the phase
distribution of the radiation intensity for the values
sin 0 = 0, + 1 and –1 corresponds to the value
d I rad /d 0 = 0. 
The instantaneous angular distribution of the radi-
ation intensity has the form 
d I rad 
d	
= I lin 
2π
μ2 sin 0 (
2μsin 2 0 + μ + 4 
)2 . (22)
By differentiating the distribution ( 22 ) with respect
to 0 , we obtain a phase angular distribution from the
initial phase of the wave: 
d 2 I rad 
d 0 d	
= I lin 
2π
μ2 cos 0 (
2μsin 2 0 + μ + 4 
)2 
− I lin 
π
4 μ3 sin 2 0 cos 0 (
2μsin 2 0 + μ + 4 
)3 . (23)
For the intensity of the linearly polarized wave
I lin = 10 7 TW · c m −2 we obtain a phase angular inten-
sity distribution of charged particle radiation per solid
angle unit on the phase plane ( Fig. 3 ). 
It follows from Eq. (23) that for I lin → ∞ , the
phase angular distribution of radiation intensity for the
values sin 0 = ±1 corresponds to zero; for the inten-
sity I lin ≤ 10 6 TW · c m −2 this distribution for sin 0 =
0 differs from zero and corresponds to the non-
relativistic radiation of the charged particle; and, fi-
nally, for I lin ≥ 10 7 TW · c m −2 it turns out to be
nonzero for sin 0 = 0 (see Fig. 3 ). 2.2. Radiation power of the charged particle in the 
field of a plane monochromatic electromagnetic wave 
The power dP transferred through a surface ele-
ment dF is equal to the magnitude of the energy flux
density vector and is found from the formula [9] : 
dP 
dF 
= | S (t ) | . (24)
Let us introduce a solid angle 	; then the Formula
( 19 ) takes the form 
dP 
d	
= r 2 | S ( t ) | , (25)
where r = √ ( x−x 0 ) 2 + ( y−y 0 ) 2 + ( z−z 0 ) 2 is distance between
the particle’s position in space and its initial position.
It is known that the relativistic motion equation,
without taking into account the radiation reaction
force, has an exact analytical solution for the charged
particle in the field of a plane monochromatic elec-
tromagnetic wave [1] . Let us discuss the cases of the
circular and the linear wave polarization. 
Circular polarization. By substituting the parti-
cle coordinates listed in Ref. [1] and the Umov–
Poynting vector components ( 13 ) into the Formula
( 25 ), we obtain the following equality for the circular
polarization: 
dP 
d	
= I cir 
( ( 
χ2 x + χ2 y 
γ 2 
+ h 2 
) 
2 
k 2 
− 2( 1 + h ) qb √ 
2 γ 2 ω k 2 
(
χx cos  + f χy sin 
)
+ 2 
(
C x χx + C y χy 
γ
+ h C z 
)

k 
+ q 
2 b 2 
2 γ 2 ω 2 k 2 
(
1 + 1 
γ 2 
(
χx cos  + f χy sin 
)2 )
+ C 2 x + C 2 y + C 2 z 
− 2 qb √ 
2 γωk 
(
C x cos  + f C y sin 
))
. (26)
where k = 2π/λ is the wavenumber; C x , C y , C z are
the constants determined by the formulae 
 x = − χx 
γ k 
0 + qb √ 
2 γωk 
cos 0 , 
 y = − χy 
γ k 
0 + f qb √ 
2 γωk 
sin 0 , 
C z = −h k 0 + 
qb √ 
2 γ 2 ωk 
(
χx cos 0 + f χy sin 0 
)
. (27)
By differentiating the equality ( 26 ) with respect
to , we obtain a phase angular distribution for the
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Fig. 4. A plot of the phase angular distribution of the charged parti- 
cle radiation power d 2 P/d 0 d	 ( 0. 01 TW ) versus the initial wave 
phase 0 . 
Fig. 5. Phase distribution of the charged particle radiation power 
d P/d 0 ( 0. 01 TW ) depending on the initial wave phase 0 . circular polarization: 
d 2 P 
d d 	
= I cir 
( 
2 
( 
χ2 x + χ2 y 
γ 2 
+ h 2 
) 

k 2 
− 2( 1 + h ) qb √ 
2 γ 2 ω k 2 
( f χy cos  + χx sin )
− 2 ( 1 + h ) qb √ 
2 γ 2 ω k 2 
(
χx cos  + f χy sin 
)
+ 2 
(
C x χx + C y χy 
γ
+ h C z 
)
1 
k 
+ q 
2 b 2 
2 γ 4 ω 2 k 2 
( f χy cos  − χx sin )
× (χx cos  + f χy sin )
− 2 qb √ 
2 γωk 
( f C y cos  − C x sin )
)
. (28) 
In the initial moment of time the phase angular 
distribution ( 28 ) has the form 
d 2 P 
d d 	
= I cir 0 μk 2 
(
1 −
(
1 + μ
2 
)
cos ( 2 0 ) 
)
. (29) 
Using the Relation ( 17 ), we can modify the For- 
mula ( 29 ) into the form 
d 2 P 
d 0 d	
= m 
2 c 5 
4πq 2 
0 μ
2 
(
1 −
(
1 + μ
2 
)
cos ( 2 0 ) 
)
. 
(30) 
From Eq. (30) for the intensity I cir = 10 7 TW ٠cm –2 
we obtain a phase portrait for the distribution of the 
charged particle radiation power per solid angle unit 
( Fig. 4 ). It can be seen that for the intensity I cir = 
10 7 TW · c m −2 for the sin 0 = + 0.65 and –0.65 
values, the phase angular distribution of the charged 
particle radiation power corresponds to zero. By integrating the Equality ( 26 ) with respect to the 
solid angle d	 = cos ddθ , we obtain a formula 
for the total radiation power: 
P = 8 π
2 
k 2 
I cir 
( ( 
χ2 x + χ2 y 
γ 2 
+ h 2 
) 
+ qb ( 1 + h ) √ 
2 γ 2 ω 
(
f χy − π2 χx 
))
. (31) 
The dependence of the total radiation power on the 
initial wave phase has the form 
P = μ4 π
2 
k 2 
I cir 
(μ
2 
+ 1 
)(
1 + 
(
cos 0 + π2 sin 0 
))
. 
(32) 
By differentiating the Expression ( 32 ) with respect 
to 0 , we obtain a phase distribution of the radiation 
power: 
dP 
d 0 
= μ4 π
2 
k 2 
I cir 
(μ
2 
+ 1 
)(π
2 
cos 0 − sin 0 
)
. (33) 
Using the Relations ( 17 ), we can modify the For- 
mula ( 33 ) into the form 
dP 
d 0 
= πm 
2 c 5 
q 2 
μ2 
(μ
2 
+ 1 
)(π
2 
cos 0 − sin 0 
)
. 
(34) 
From Eq. (34) for the intensity I cir = 10 7 TW ·
c m −2 we obtain a phase portrait for the radiation 
power distribution ( Fig. 5 ). 
It can be seen that for the sin 0 = −0. 85 and 
+ 0.85 values the phase distribution of the charged par- 
ticle radiation power corresponds to zero. 
By averaging the Expression ( 32 ) over the initial 
wave phase 0 , we obtain the average charged particle 
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Fig. 6. The phase angular distribution of the charged particle radi- 
ation power d 2 P/d 0 d	 ( 0. 01 TW ) versus the initial wave phase 
0 . 
Fig. 7. Phase distribution of the charged particle radiation power P 
(0.01 TW) depending on the initial wave phase 0 . 
 
 
 
 
 
 
 
 
 
 radiation power: 
P¯ = μ4 π
2 
k 2 
I cir 
(μ
2 
+ 1 
)
. (35)
Substituting the Expression ( 17 ) into the Formula
( 35 ), we obtain 
P¯ = πm 
2 c 5 
q 2 
μ
(μ
2 
+ 1 
)
. (36)
Linear polarization. Similarly to the calculations
we carried out for the case of circular polarization,
for a linearly polarized wave, the coordinates of the
particle taken from Ref. [1] and the Umov–Poynting
vector components ( 15 ) are substituted into the For-
mula ( 25 ); then we obtain the following equality: 
dP 
d	
= I cir 
((
χ2 x 
γ 2 
+ h 2 
)
2 
k 2 
+ q 
3 b 3 x 
4 γ 4 ω 3 k 2 
χx cos  sin ( 2) 
−
(
2 ( 1 + h )  q χx b x 
γ 2 ω k 2 
+ 2 C x q b x 
γωk 
)
cos 
+ 2 
(
C x 
χx 
γ
+ h C z 
)

k 
+ q 
2 b 2 x 
γ 2 ω 2 k 2 
(
1+ χ
2 
x 
γ 2 
)
cos 2 
− 2h q 
2 b 2 x 
8 γ 2 ω 2 k 2 
sin 2 + q 
4 b 4 x 
64 γ 4 ω 4 k 2 
sin 2 ( 2) 
− C z q 
2 b 2 x 
4 γ 2 ω 2 k 
sin 2 + C 2 x + C 2 z 
)
cos 2 , (37)
where 
 x = − χx 
γ k 
0 + q b x 
γωk 
cos 0 , 
C z = −h k 0 + 
q 
γ 2 ωk 
χx b x cos 0 + q 
2 b 2 x 
8 γ 2 ω 2 k 
sin 2 0 . 
(38)
Differentiating the Equality ( 37 ) with respect to ,
we obtain a phase angular portrait for the radiation
power distribution in the initial moment of time for
the intensity I lin = 10 7 TW · c m −2 ( Fig. 6 ). It can be
seen that the phase angular distribution corresponds to
the ‘eight’ type and for sin 0 = −1 , 0 and + 1 it
equals zero. 
By integrating the Equality ( 37 ) with respect to the
solid angle, we obtain the total radiation power of the
particle: 
P = 4 π2 I lin 
k 2 
(
14 
9 
(
χ2 x 
γ 2 
+ h 2 
)
− 3 
4 
π( 1 + h ) q χx b x 
γ 2 ω 
− 3 
4 
C x 
q b x 
γω k −1 
+ 1 
10 
h 
q 2 b 2 x 
γ 2 ω 2 
)
. (39)For the initial moment of time we have the follow-
ing expression: 
P = 4 π2 I lin 
k 2 
(
14 
9 
(
μsin 2 0 + μ
2 
16 
(
1 + 2 sin 2 0 
)2 )
+ μ
2 
40 
(
1 + 2 sin 2 0 
)
+ 3 
4 
π
(
1 + μ
4 
(
1 + 2 sin 2 0 
))
μ sin 0 
− 3 
4 
( μ sin 0 0 + μ cos 0 ) 
)
. (40)
By differentiating this expression with respect to
0 , we obtain a phase distribution of the radiation
power for the intensity I lin = 10 7 TW · c m −2 ( Fig. 7 ). 
For I lin → ∞ this distribution corresponds to zero
for the sin 0 = −1 and + 1 values. For other values
of sin 0 , the phase distribution d P/d 0 → ∞ (for
I lin → ∞ as well). 
By averaging the Expression ( 40 ) over the initial
wave phase 0 , we obtain the average charged particle
radiation power: 
P¯ = 4 π2 μ I lin 
k 2 
(
23 
12 
+ 39 
80 
μ
)
. (41)
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 Taking into account the relations ( 17 ), Eq. (41) 
takes the form 
P¯ = πm 
2 c 5 
2 q 2 
μ2 
(
23 
12 
+ 39 
80 
μ
)
. (42) 
Fig. 8 shows the dependences of the aver- 
age electron radiation powers on the intensities of 
plane monochromatic electromagnetic waves of lin- 
ear and circular polarization (see Eqs. (42) and ( 36 ), 
respectively). 
It follows from Eqs. (36) and ( 42 ) and from Fig. 6 
that the particle radiation powers at the intensity I ≥
1 . 37 · 10 6 TW · c m −2 in the field of a plane monochro- 
matic electromagnetic wave are comparable in the 
non-relativistic limit. Their difference does not exceed 
10% in this case. At the intensity I = 10 7 TW · c m −2 
the radiation power of an electron in the field of 
such an electromagnetic linearly polarized wave is four 
times higher than that of the circularly polarized one. 
2.3. The spectral and angular characteristics of the 
charged particle radiation in the field of a plane 
monochromatic wave 
The radiation spectrum of the charged particle in 
the field of a plane monochromatic electromagnetic 
wave can be represented by a sum of an infinite num- 
ber of monochromatic waves: 
E ( r , t ) = 
ω= ∞ ∑ 
ω= −∞ 
E ω ( r ) exp ( −i) . (43) 
The Fourier component can be represented as a pe- 
riodic function with a period ˜ T [1] : 
E ω ( r ) = 1 ˜ T 
˜ t∫ 
t 
E ( r , t ) exp ( i) dt . (44) 
From Eq. (1) we can express E ( r , t ) , substitute it 
into the Function ( 44 ) and instead of integrating with 
respect to time let us integrate with respect to phase . 
Then for the real part of E ω ( r ) we obtain the following 
expression: 
Re ( E ω ( r ) ) = 1 ˜ T 
( ˜ t ) ∫ 
(t ) 
(
1 
q 
d p 
dt 
− 1 
c 
[ V H ] 
)
cos 
( 1 + g ) 
ω 
d.
(45) 
Let us substitute the Expressions ( 4 ), ( 9 )–( 11 ) into 
the Formula ( 45 ) and integrate with respect to . Then the components of the Fourier transform of the Func- 
tion ( 45 ) take the following component-wise form: 
Re 
(
E ω,x 
) = b x 
2 ( 1 + h ) 
( 
1 + h − q 
2 (b 2 x − b 2 y )
16 γ 2 ω 2 
) 
, 
Re 
(
E ω,y 
) = 0, 
Re 
(
E ω,z 
) = 0. (46) 
Let us once again examine the cases of the circular 
and the linear wave polarization. 
Circular polarization. From the Formulae ( 46 ) we 
can obtain the following values of the Fourier trans- 
form components of the Function ( 45 ) for the circular 
polarization: 
Re ( E ω ) = b 
2 
√ 
2 
. (47) 
It can be seen that in this case the Fourier trans- 
form retains only the information on the amplitudes 
of the spectral components, while the information on 
their phase is lost. Therefore, all signals with identi- 
cal amplitude spectra but differing phase spectra must 
have the same spectral density. 
By substituting the values ( 47 ) into the sum ( 43 ), 
we obtain the following particle radiation spectrum for 
the initial moment of time: 
Re ( E ( r , t 0 ) ) = b 
2 
√ 
2 
ω= ∞ ∑ 
ω= −∞ 
cos ( ω ξ0 ) , . (48) 
where E ( r , t 0 ) is the strength of the radiation field of 
the charged particle in the field of a plane monochro- 
matic electromagnetic wave in the initial moment t 0 , 
r is the particle’s position in space relative to the ini- 
tial position ( 0, 0, z 0 ) ; b is the electromagnetic wave 
amplitude, ξ0 = −z 0 /c. 
The magnitude of the radiation spectrum ( 48 ) has 
the following phase distribution: 
Re 
(∣∣∣∣d E ( r , t 0 ) d 0 
∣∣∣∣
)
= b 
2 
√ 
2 
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
sin ( ω ξ0 ) 
∣∣∣∣∣. (49) 
If we examine the case when ξ0 → 1 , then we can 
obtain a spectral distribution of the charged particle 
radiation over the frequency ω: 
Re 
(∣∣∣∣d E ( r , t 0 ) dω 
∣∣∣∣
)
= b 
2 
√ 
2 
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
sin ( ω ) 
∣∣∣∣∣. (50) 
The radiation spectrum of the charged particle per 
unit solid angle has the form 
Re 
(∣∣∣∣d E ( r , t 0 ) d	
∣∣∣∣
)
= b 
4 
√ 
2 π
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
tg ( ω ξ0 ) 
∣∣∣∣∣. (51) 
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Fig. 8. Average electron radiation powers versus the intensities of plane monochromatic electromagnetic waves of linear ( 1 ) and circular 
polarizations ( 2 ) (see Eqs. (42) and ( 36 ), respectively). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 The phase angular distribution of the radiation spec-
trum has the form 
Re 
(∣∣∣∣d 2 E ( r , t 0 ) d d 	
∣∣∣∣
)
= b 
4 
√ 
2 π
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
sec 2 ( ω ξ0 ) 
∣∣∣∣∣. 
For ξ0 → 1 we obtain a phase angular distribution
of the spectral magnitude in the following form: 
Re 
(∣∣∣∣d 2 E ( r , t 0 ) d ωd 	
∣∣∣∣
)
= b 
4 
√ 
2 π
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
sec 2 ( ω ) 
∣∣∣∣∣. (52)
Let us introduce a function describing the spectral
radiation density: 
S ( ω ) = | E ( r , t 0 ) | 2 . (53)
Then the Spectrum ( 48 ) takes the following form:
Re ( S ( ω ) ) = b 
2 
8 
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
cos 2 ( ω ξ0 ) 
∣∣∣∣∣, (54)
and the phase distribution ( 54 ) has the form 
Re 
(
dS ( ω ) 
d
)
= b 
2 
8 
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
sin ( 2ω ξ0 ) 
∣∣∣∣∣. (55)
The spectral radiation density per unit solid angle
is expressed as 
Re 
(
dS ( ω ) 
d	
)
= b 
2 
8 π
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
sin ( ω ξ0 ) 
∣∣∣∣∣. (56)The corresponding phase angular distribution of the
spectral density takes the form 
Re 
(
d 2 S ( ω ) 
d 0 d	
)
= b 
2 
8 π
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
cos ( ω ξ0 ) 
∣∣∣∣∣. (57)
Provided that ξ0 → 1 , we obtain a phase angular
distribution for the spectral density of the particle ra-
diation: 
Re 
(
d 2 S ( ω ) 
d ωd 	
)
= b 
2 
8 π
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
cos ( ω ) 
∣∣∣∣∣. (58)
Linear polarization. In this case for the Expres-
sions ( 46 ) for the Fourier transform we obtain: 
Re ( E ω ) = b (2 + μ2 (1 + 2 sin 2 0 ))
×
(
1 + μ
4 
(
1 + 2 sin 2 0 
)− μ
16 
)
. (59)
By substituting the Expression ( 59 ) into the For-
mula ( 43 ), we obtained the radiation spectrum of the
charged particle in the initial moment of time: 
Re ( E ( r , t 0 ) ) 
= b 
ω= ∞ ∑ 
ω= −∞ 
(
1 + μ4 
(
1 + 2 sin 2 0 
)− μ16 )(
2 + μ2 
(
1 + 2 sin 2 0 
)) cos ( ω ξ0 ) . 
(60)
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 The radiation spectrum has the following phase 
distribution: 
Re 
(∣∣∣∣d E ( r , t 0 ) d 0 
∣∣∣∣
)
= b 
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
(
1− 2B 
A 
)
μ
A 
sin 0 cos 2 0 − B sin 0 A 
∣∣∣∣∣, 
(61) 
where A = 2 + μ2 ( 1 + 2 sin 2 0 ) , B = 1 + 
μ
4 ( 1 + 2 sin 2 0 − μ16 ) . 
For ξ0 → 1 we obtain a spectral distribution of the 
charged particle radiation over the frequency ω: 
Re 
(∣∣∣∣d E ( r , t 0 ) dω 
∣∣∣∣
)
= b 
ω= ∞ ∑ 
ω= −∞ 
∣∣∣∣
(
1− 2B 
A 
)
μ
A 
sin ( ω ) cos 2 ( ω ) − B sin ( ω ) 
A 
∣∣∣∣.
(62)
The radiation spectrum of the charged particle per 
unit solid angle is determined by the formula 
Re 
(∣∣∣∣d E ( r , t 0 ) d	
∣∣∣∣
)
= b 
2π
ω= ∞ ∑ 
ω= −∞ 
∣∣∣∣
(
1 
2 
− B 
A 
)
μ
A 
sin ( 2 0 ) − Btg 0 A 
∣∣∣∣. 
(63) 
The phase angular distribution of this radiation 
spectrum has the form 
Re 
(∣∣∣∣d 2 E ( r , t 0 ) d d 	
∣∣∣∣
)
= b 
2π
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
((
2B 
A 
− 1 
)
+ 
(
2 
A 
− 1 
)
μ
A 
)
μ
A 
sin 2 ( 2 0 ) − μ sin ( 2 0 ) B A 2 
+ 
(
1 − 2B 
A 
)
μ
A 
cos ( 2 0 ) − sec 
2 ( 0 ) B 
A 
∣∣∣∣. (64) 
In the Equality ( 64 ) provided that ξ0 → 1 we 
obtain a phase angular distribution of the radiation 
spectrum: 
Re 
(∣∣∣∣d 2 E ( r , t 0 ) d ωd 	
∣∣∣∣
)
= b 
2π
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
((
2B 
A 
− 1 
)
+ 
(
2 
A 
− 1 
)
μ
A 
)
μ
A 
sin 2 ( 2ω ) − μ sin ( 2ω ) B 
A 2 
+ 
(
1 − 2B 
A 
)
μ
A 
cos ( 2ω ) − sec 
2 ( ω ) B 
A 
∣∣∣∣. (65) The spectral density of the radiation has the form 
S ( ω ) = b 
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
B 2 
A 2 
cos 2 ( ω ξ0 ) 
∣∣∣∣∣. (66) 
The phase distribution of the spectral density of 
radiation is expressed by the formula 
dS ( ω ) 
d 0 
= b 
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
sin ( 2ω ξ0 ) B 
2A 
×
(
2μcos 2 ( ω ξ0 ) − 2μcos 
2 ( ω ξ0 ) B 
A 
− 2B 
)∣∣∣∣∣. (67) 
The spectral density of the radiation per unit solid 
angle is determined by the expression 
dS ( ω ) 
d	
= b 
2π
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
2 cos ( ω ξ0 ) B 
2A 
×
(
2μcos 2 ( ω ξ0 ) − 2μcos 
2 ( ω ξ0 ) B 
A 
− 2B 
)∣∣∣∣∣. (68) 
By differentiating the Expression ( 65 ) with respect 
to 0 , we obtain a phase angular distribution for the 
spectral density of the charged particle radiation: 
d 2 S ( ω ) 
d 0 d	
= b 
2π
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
2μ
A 
sin 0 
×
((
1 − 2B 
A 
− 4 B 
2 
A 2 
+ 2B 
A 
)
μcos 4 ( 0 ) 
+ 
((
B 
A 
− 1 
)
2μ
3 
− B 
A 
− 1 
)
3 B cos 2 ( 0 ) + B 2 
)∣∣∣∣∣. 
(69) 
For the distribution ( 69 ) at ξ0 → 1 we obtain a 
phase angular distribution of the spectral density of 
the charged particle radiation: 
d 2 S ( ω ) 
d ωd 	
= b 
2π
∣∣∣∣∣
ω= ∞ ∑ 
ω= −∞ 
2μ
A 
sin ( ω ) 
×
((
1 − 2B 
A 
− 4 B 
2 
A 2 
+ 2B 
A 
)
μcos 4 ( ω ) 
+ 
((
B 
A 
− 1 
)
2μ
3 
− B 
A 
− 1 
)
3 B cos 2 ( ω ) + B 2 
)∣∣∣∣∣. 
(70) 
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 4. Conclusion 
The study presents the spectral and angular radia-
tion characteristics of a charged particle in the field of
a plane monochromatic electromagnetic wave. Expres-
sions for the average radiation power of a relativistic
charged have been obtained. The radiation intensity
of the charged particle in the field of a linearly polar-
ized electromagnetic wave has been calculated. Phase
portraits of the phase and the phase angular charged
particle radiation intensity and power distributions de-
pending on the initial phase have been obtained for the
intensity I = 10 19 W · c m −2 . It has been demonstrated
that without the radiation reaction taken into account
the particle, on average, does neither accelerate nor
decelerate, and, consequently, the Lawson–Woodward
theorem is satisfied, according to which acceleration
regions alternate with ones of deceleration, and the
average electron energy does not increase. For circu-
lar polarization, the Fourier transform of the electric
field strength retains only the information on the am-
plitudes of the spectral components, while the infor-
mation about the phase is lost. It has been also shown
that for the case of circular polarization the intensity
of its wave is equal to that of the charged particle radi-
ation ( I em = I cir ). For a plane monochromatic linearly
polarized electromagnetic wave whose relativistic in-
tensity value equaling 1 . 37 · 10 18 Wt · c m −2 has been
exceeded, the charged particle radiation intensity be-
comes relativistic and depends on I lin / I rel value [5] . Acknowledgment 
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